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ABSTRACT

An intermittently available server feedback queueing model with balking has been taken into consideration for its
mathematical modeling under transient state. The system is analyzed under the assumption that arriving customers
are processed by a single server under FIFO queue discipline and arrival process follows Poisson distribution. In
addition to this, service times and availability times of the server are exponentially distributed. The time dependent
solution and the busy period distribution of the model have been explored. Some special cases have also been
discussed.

Keywords: Feedback, balking, intermittently available server, generating function, exponential  distribution,
busy period distribution.

INTRODUCTION

A queue involves arriving customers that wait to be served at the service facility for the service
they seek. Queueing theory is concerned with the statistical description of the behavior of
queues. In most of queueing problems, it’s assumed that the server is spontaneously available.
This type of assumption seems feasible only in the case when server is automated. In a manually
operated service channel due to some factors the server may not be instantaneously available.
This type of servers is known as intermittently available servers. In intermittently available
systems servers are subject to random periods of unavailability. Here the server has a choice to
start a fresh service immediately or to make an interruption. However, it is assumed that he
completes in hand service before interruption. This measure provides a better perception about
the behavior of the queueing system. White and Christie (1958) seem to be the first, who studied
a queueing model in which the service is provided with interruptions. Garg & Kumari (2007)
also studied a feedback queueing system with intermittently available server and the Laplace
transformation of probability generating function of transient-state queue length probabilities is
obtained. Indra and Vijay (2008) obtained transient solution of a two-state bulk arrival
markovian queueing model with intermittently available server.

The concepts loss and feedback are introduced for customers only. After the completion of
service if the customer is dissatisfied due to incomplete or inappropriate quality of service, then
he can rejoin the queue for receiving another regular service. This is called feedback in queueing
theory. Formulation of queues with feedback mechanism was first introduced by Takacs (1963).
If the server is busy at the time of the arrival of customer, then due to impatient behavior of the
customer, customer may or may not join the queue. This is known balking. In queueing theory it
is also known as loss. An amazing example of the occurrence of balking and reneging is given by
Ancker and Gafarian (1962). Haight (1957) first considered an M/M/1 queue with balking.
Queueing systems with balking, reneging, or both have been studied by many researchers.
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Gupta, Joshi and Tiwari (2016) analysis an M/D/1 queueing system with balking and the steady-
state solution of the models is derived.

In queueing theory time dependent solutions are studied for analyzing system behavior over a
time horizon because the steady state analysis is inappropriate in situations where the time
horizon is finite. The steady state analysis does not reveal the complete picture of the system
behavior because it ignores the short term and start-up effects. In many applications, steady state
analysis of the system performance does not make any sense because the system may never
attain the state of equilibrium. Therefore, transient solution is useful for obtaining optimal
solutions leading to the control of the system.

In the present paper, a markovian queueing system with intermittently available server and
balking has been discussed, where customers arrive according to Poisson process and served one
by one on FIFO basis. All incoming customers are given first essential service whereas some of
them may demand service for the second time. The transient state and the busy period
distribution of the problem are obtained.

The queueing system investigated in this model is described by the following assumptions:

1. Arrivals Poisson with parameter A.

When there are customers in the queue, availability time of intermittent server is
exponentially distributed with parameter v. The server is available to an empty queue and
its availability is also exponentially distributed with parameter v.

Service time is exponentially distributed with parameter p.

Customers are taken for service in their order of arrival.

5. For the customers getting service first time the probability of rejoining the system is p
and that of leaving the system is q so that p+q =1. However the customers will have to
leave the system definitely after getting service for the second time.

6. The probability that the customers joins the service channel for the first time is assumed
to be c; and that for the second time is c,, so that ¢; + c,=1.

7. The arriving customer joins the queue definitely if the number of customers in the system
is less than ‘k’. It may join with probability B or balks the queue with probability (1-B) if
the number of customers in the system is > k.

8. The waiting space is infinite.

9. The stochastic process involved, viz

a) arrival of customers

b) departure of customers

c) Availability of server are statistically independent.
DEFINITIONS

B w

PS‘B) (t) = Probability that there are n customers in the system at time t and the next customer is
to depart for the first time or second time according as k=0 or 1 and server is busy in
relation to the queue, i.e. either a customer is being served or else one is to be taken
just then. n=>1

(O) 5 (t) = Probability that there are zero customers in the system at time t and the next customer
to depart for the first time and the server is busy with empty queue.

Pn(‘l}) (t) = Probability that there are n customers in the system at time t and the next customer is
to depart for the first time or second time according as k=0 or 1 and the server is free
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in relation to the queue, i.e. neither a customer is being served nor is any to be taken at

that instant. n=0
P, (t) = Probability that there are n customers in the system at time t. n=>0
Ps(® =BH®+ BR® n=1;  Qup(® = Q)
Por(®) =P+ B ®) nz0 ;
Pn(t) = Pn,B(t) + Pn,F(t) + Qn,B(t) n=0 (1)
Initially, P2 (0) = 1 and P () =PRF M =PFP® =01 =0, t=0

THE DIFFERENCE DIFFERENTIAL EQUATIONS DESCRIBING THE SYSTEM ARE

%Qéf’g(t) = ~2Q03(8) + VR (£) @
%p,ff’;(t) = -+ BD)PY ) + 2% ;) +vPR ) + 208906, ,1<n<k-1 (3)
Z P00 = ~08 + DEYWO + 18 + 15, ses1a (1~ IR, 0 + B9 mzk (8)
%P,f;,?(t) = -+ BPY® + 1%, ,(®) +vER () l1<n<k—1 (5)
%P,f,?(t) = ~(B + DEFO) + [ + 26,0111 = IR 5 (O +VE RO =k (6)
%P&?(t) = -+ v)RY®) +u{apG (1) + KF ©®)} 7)
%P,f?;(t) = —(A+ PR ) + AL, (1) + ucl{qp,f?w ®+P%, (t)}

+ueypP (1 — 8,1) 1<n<k-1 (8)
E PO =~ + VPO + (28 + 26, 111101~ DR, ()

+ ucl{an(_?_)LB (t) + P,l(i)llB (t)} + uclan(%) (t) , n=>k 9
%P,f,?(t) = —(A+ PR ) + APY, L(0) + ucz{qp,f?w(t) +PY (t)}

+ (18,1 +¢2)pPY (1) ,1<n<k-1 (10)
E P =~ +VEDW) + (1 + 26,4111~ IR, (0

+ ue{qPS 5 (1) + S 5 (0} + ueapP (©) , nxk (1)
Where 5, = {%) ,, ot}fl(()el;\ilvi:el

Taking Laplace Transformation P, (s) = fooo e St B,(t)dt ;Res > 0 of (2)- (11) and
dividing by p
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(p+3) i = () r + (1)
(p 1+ %) PQ(s) = pP, 5(s) + (E) PO +p00()8,1  A<nsk—1 (13)
(o8 +142)BR6) = [0 +p8rsina L= PIEZ ) + () BR)  nzk ()
(p 14 %) PY(s) = pB, 4 (s) + (E) PO (s) 1<n<k-1 (15)
(o8 +1+2) B = (0B + 8,010 = PIED s + () BP®) 2k (16)
(p + % + 2) 130('?,) (s) = {qpl(,%) (s) + }31(1113) (s)} (17)
(p + E + E) BQ(s) = pPY, 1 (s) + cl{qﬁrf?w () + P (s)} +c1p(1 = 8,1)B9 (5)

1<n<k-1 (18
(o8 +5+ ) BR ) = (0B + p81011(1 = BIRD,(5) + er{aB Ty 5 (5) + B 5 (5))
+c1pPlg (5) >k (19)
(o5 +2) PR = 0B, £(5) + eofaB D5 (5) + B 5 (9))
+(c18u1 + c2)pPR (5) A<n<k-1 (20)

v S\ - — — —
(o5 +2) PR = (0B + 8011111 = BIRL, £(5) + exfaB Ty 5 (5) + Y 5 (9))

+czp}3n(,03) (s) n=k 2D

DEFINITIONE "
P,®)(z, 1) = Z P Oz + Q) P¥ (2, 1) = Z P () 2
%@@:%5@@+@m@o &@o=m5&o+m@@0
5, %z, 5) = jme_“ P, (z,¢) dt Pz, s) = jme_“ Pr%(z,0) dt

0 0
P(z,t) = Pg(z,t) + Pp(z,t) P(z,s) = fwe—“ P(z,t) dt

0

allfork =0or1with|z] <1

Laplace Transformation of Probability Generating Function Of Transient-State Queue
Length Probabilities
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z v v
“(r@+ ) 4@ 2w - )
-(1-2) (C[A(Z) + Kczpz) {(V — Yo I_’O(O)( )+ C(Z)Q(O)(S)}

+z(1-2)- (B(Z) + ){(QPZ - CZq)Pl(B) (s) + CZPl(B) (S)}
k-1

{A(Z) — czp; (1- Z)} Z P_’,l(f)p)(s)zn

+ (1 —-z)(1- B))pz;

n=0

+a@ + erp (1 - 2] ki B (s)z”]

n=0

~(1-21-B)p B (s)z

||Mw

{{A(Z)(q +pz) +20(2)} - C(Z)CzPZ (1- Z)}

k—
+ {A(Z){ZC(Z) +1} + ZC(Z)Clp; (1- Z)} Z Pn(,? (s)z”]

(463 -2 ) {a@ - 2@+ e} - (2) @ +pmacy
p=ifu<i; <1 @)

Where B(z) = {—pﬁz + (p[)’ +1+ %)}, C(z) = {—Pﬁz + (Pﬁ + E + %)}

A(2) = 2.B(2).C(2) = {— pBz? + (pﬁ +1+ 2) Z} * {—Pﬁz + (Pﬁ + ,% + %)}

2
Let denominator D(z) = K1(z) * K,(z) — (lv:) c1¢,(q + pz)

v

e =[5 -

s vV S Vv
Ky (2) = {— pBz* + (pﬁ +1 +—)z}{—pﬁz + (pﬁ +—+—)} — i (q+p2)
u nop u
Obviously K; (z) and K, (z) have two zeroes inside the unit circle.

Let fD=K@ ko)  ad g =(2) caclg+po)
£ = 1K @] * Ky

[ e oo+ o)
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*

(- o872 + (o8 + 1+ E) 2{{-pz+ (o5 + ot 2)} —enq+ p2)]

2(€+(£>c2)(6+(£)c1> for 2=€+in, lz| <1

> (E)z c1c; = |g(2)|

Hence |f(2)| > |g(z)] on |z| <1

Since all the conditions of Rouche’s Theorem are satisfied, so D has two zeroes inside the unit
circle. Let these zeroes be z,, (m =0,1). Numerator must vanish for these two zeroes since P(z, s)
is an analytical function of z. These two equations along with equation(17), (12), {(13) & (15)
for n=1,2} and equation {(18) & (20) for n=I/} (in case k=3) will determine the ten

unknownsPy ¥ (s), PR (s), PLR(s), BY(s), PR(s), BR(s), By (s). By (s), Py (s)and
Qéo)(s). Along with these equations and equations (17), (12), {(13) & (15) for n=1,2,3} and
equation {(18) and (20) for n=1,2} (in case k=4) will determine the fourteen unknowns Po(,?:) (s),
PR, PR ). PREOPE S, PR, BPE.AE), Py () Py )Py o), AR (s,
7’3('11,)(5) and Qéo)(s). In general for (17), (12), {(13) & (15) for n=1,2,..., k-2} and equation
{(18) and (20) for n=1,2,3,...,k-4} in general determine (4k-2) unknowns 130(2)(5), 131(,?;)(5),
7’1('11,) (S),Pl(,%) (s), 131%) (s), pz(,OF) (s), ..., Pk(f)l‘ (s),, Pk(ﬂ p(s)(when number of customers=
k).Hence the generating function P(z,s) is completely known. B, (s) can be obtained by using
the following formula.

SPECIAL CASE

1. When there is no balking.
Put 3 = 1 in equation (22)

VA , v , %
;(B @) + ;) @ - Seap(1 - 2}
-(1-2) (qA’(Z) + £c2p2> {(V — Y0

+21 =22 (B +) {ewz —nBf ) + P} 6)

AR ) + @)

P(z,s) =

(10 -2e){we 2@ +pe}- () @+pac

Where B'(z) = {—pz + (p +1+ E)} C'(z) = {—pz + (Pﬁ + E + 2)}
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A'(z) = z.B'(2).C (2) = {— pz? + (,0 +1 +;_1)Z}{ pz + (p +H +H>}

2. When the server is available to an empty queue with same mean availability time as
is to a non-empty queue

Put vy = v in equation (22), probability generating function for the queue length
probabilities is

H(F@+ )@ —eapt o) - 1~ 2 (1@ +ewz) (D)
+z(1—-2)— (B '(z) + ) {(clpz - czq)Pl(B) () + ¢ (1)(5)}
k—1
{A'(z) —p E (1- z)} Z P,f'(?(s)z"
n=0
k—
{A @ +epy, Y- z)}z PO (s)z" ]

—(1-29(1-B)p

+ (1 -z)(1— ,8))pzK

k-1
{{A '(2)(q + pz) + zC'(2)} — C'(z)czng (1- z)} Z Pn(%) (s)z"
n=1

k—1
+ {A '(Z){ZC'(Z) + 1} + zC'(z)c1p E (1- Z)} Z ISTSB) (s)z”]

v\ 2

(4@ —Ze) j@@ S @+ e} - (2) @ +poeic

p=A/u<1; |z[ <1
BUSY PERIOD DISTRIBUTION

The density function for the busy period distribution is given by

;t (B2 + oo

Initially, P{Y(0) = 1 and P (0) = QS%(0) =P =RP(®) =0, t=0

The difference differential equations describing the system are

dt 2 po ) = { PR ® + AR ) (23)

<0)(t) (24)
dt Pl(g) ) =-A+BPY ) +vAR® (25)
- L p0® = -0+ PR ® + uer{aPO© + BH©) (26)
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dtp,f%)(t) = -+ BPY () + 1P, 5 () +vER (1) 2<n<k-1 (27)

dtl%f?(t) =~ + DR ® + 1B + A8, 13111 = IR ;@ +vER(©® ,n =k (28)

dtp,flg(t) = -+ B)PY®) + 1P, () +vPR () 1<n<k-1 (29)

y tP,f?(t) = —(AB + BPS () + [AB + 28, 11111 = B]PL, 5 +vPR () ,n =k (30)

R Pn(OF)(t) = -+ PR () + 1P, 1 (6) + ,ucl{q O 5@ + P B(t)}

+ucpP Y () (1= 8,1) 1<n<k-1 (31

at LpO(O) =~ + MEDO +[46 + 28, 1111 = IR, (O

+,uc1{an(_?_)1 g(t) + Pn(-li-)l B(t)} + ,uclan(fg (t) ,n=>k (32)

= 2 pD ) = — (A +IPD®) + ABD, () + ue{qPS 5 (0 + S 5 (1)

+u(c16,1 + c2)pPQ () 1<sn<k—-1 (33)

tpn(lp)(t) = —(AB+VBP® +[AB + 28, 11111 = BIRL, £ (©)

+uco{aB (0 + B 5O} + nepR G (®) =k (34)

Taking the Laplace Transformation P, (s) = fo e StP,(t) dt ;Res > 0of (2) - (13) and
dividing by p
<p +14 )P(O)(s) = pBY, 4 (s) + ( )P(O)(s) 1<n<k-1 (35)

pB+1+ ;) P = [p8 + p8aiina 1= PIRS ) + () BR)  mzk  (36)

<p +1+ %) B (s) = pP, 5(s) + ( )P(l)(s) 1<n<k-1 (37)
(o8 +1+2) PR = [08 + p8yisrs 0 = IPD @ + (5) PR mzk (39)
(p + Z ,E) p(O) (s) = % + Cl{qu(’%) (s) + Pz%) (s)} (39)
(o5 +2) PR @ = B2 £ (5) +erfaB s () + B (0] + PP R S) (40)
(08 +5+ ) BR ) = (0B + 98,0121 = BIRY, £ 5) + er{aB 5 (5) + B 5 (9))
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+c1pf_’n(‘(£ (s) n =k (41)
VoS - _ _ _ _
<p + . + ;) Pn(lF) (s) = an(i)LF (s) + cz{an(f)r)LB (s) + Pn(_PLB (s)} + (€181 + cz)an(%) (s)
l<n<k-1 (42)

v S\ - — — —
(p 2+ 2)BR ) = [08 + p8-ier1a = DB, £(5) + ea{aB Dy () + P 5 ()

+c2p13n(‘(g n>k (43)
DEFINITION§O o
Gz M (z,0) = Z P (£)z" G (z,t) = Z P& (1) 2"
n=1 n=1
Gz(z,t) = GOz, t) + Gz P (2, 1) Gr(z,t) =GV t) + 6Pz 1)
¢ (z,t) = 6@ t) + 6: Xz t) G(z,t) =G6O(zt) + V(70
G(z,t) = Gg(z,t) + Gp(z,t) all fork =0or 1with|z| <1

Laplace Transformation of Probability Generating Function for the Busy Period

Distribution

2

V4 v v
—(p@+ ) 4@ -zt - )
~2(B@) +) {{qA(z) ~ a1 - DB )] + AP (s)}

e
—(1-2)(1-p))pz? (B(z) + E) {A(z) - cng(l - Z)}i Is,f'(p(s)zn
n=1

k—1
+ {A(z) + Clpg(l _ Z)}nz:l P (s)z"]

k-1
~(1-2)(1 - B)pr*C(2) {{B(zxq +p2) + A@) — ep (1 z)} NHIO%
n=1

k-1
_ {A(z) + B(z) + Clp‘lzl(l — z)}; ﬁn(g(s)zn]

G(z,5) = 3
(40 %o ){u@ -2 @+ pieo} - (2) @+pocie;
Au<1; lzl<1 (44
Where B(z) = {—pﬁz + (p,B +1+ %)} C(z) = {—pﬁz + (pﬁ + E + %)}
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A(z) =z.B(2).C(z) = {— pBz* + (pﬁ’ +1+ %) Z} {—Pﬁz + (pﬁ + E + %)}

v

Let D(z) = K;(2) * K;(2) — (;)2 c1¢62(q + pz)

W 0 = -+ o +1+2) oot o 3+ -3

K,(z) = {— pBz* + (pﬁ +1+ 2) Z}{—pﬁz + (p,B +£+ 2)} - Clz(q + pz)
Obviously K; (z) and K, (2) have two zeroes inside the unit circle.
Let f(2) = Ki(2) * K;(2) and  g(2) = (;)2 c1¢2(q + p2)
If (@] = [K1(2)] * |K(2)]
o R L e B

*

(- o822+ (o8 + 1+ 2) 2} {-ppz+ (o8 +£+ 2)} - clg(q +p2)

2(€+(£)c2)(§”+(£)cl) for £=f+in, lz| =1

W\ 2
> (2] ce 2 1g@)

U
Hence |f(z)| > |g(z)] on |z|=1

These two equations along with equation (39), {(35) & (37) for n=1,2 and (42) for n=1 } (in
case k=3) will determine the eight unknowns 131(,?,) (s), 731('11;) (s),lsl(,g) (s),ﬁﬁg) (s),lsz(,g) (s),
P_’z(})(s),lsz(’%)(s), 7’2(}3)(5). Along with these equations and equations (39), {(35) & (37) for
n=1,2,3 and (40) for n=2 & (42) for n=1,2} (in case k=4) will determine the twelve
unknowns P (), PR (), B3 (), B3 (), B (), B (), B3 (), Py (). P53, (s), P (o),
P%(s), PP (5). Equation (39), {(35) & (37) for n=1,2,3,..., k-2 and (40) for n=2, 3,....k-4 &
(42) forn=1,2, 3,...,k-4} in general determine (4k-4) unknowns

5(0) 5D 5(0) 5(1) 5(0) 5(0) 5(1) _
Prr(s), P (s), P (), Pip (8), By (5), -, B, £ (8), P21 p(s), (When number of customers=

k). Hence the generating function G(z,s) is completely known. The density function of busy
period distribution ;—t {Po(,?r) + Qéfg (t)} can be obtained.

SPECIAL CASE

1. When there is no balking i.e. put § = 1 in equation (44)
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%(B"(z) + K) {A"(z) —ep(l- 2}
~z(B@) + E) {{qA"(z) ~ a1 - 2DBFE) + AR 5 (5]

G(z,8)= 3
A"(2) =~ ) (4" == (g + p)edt = (=) (@ +pDercy
(1@ —ge)lwre - ;
p=2A/u<1; |z|<1 (45)
B"(z) = {—pz + (p +1+ 2)} C'(2) = {—pz + (pﬁ’ + E + %)}

A"(z) = z.B"(2).C"(2) = {— pz® + (p +1+ %) Z} {—PZ + (f’ + E + ;)}
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