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ABSTRACT

Because of their capacity to represent intricate
real-world systems, non-convex functions with
generalized convexity have drawn a lot of interest
in mathematical optimization and economics. The
behavior and characteristics of non-convex
functions are examined in this study, with an
emphasis on how generalized convexity affects
optimization issues. By reviewing secondary
material, such as academic publications,
mathematical textbooks, and empirical research,
the project seeks to fill in knowledge gaps and
advance current understanding. The main
conclusions, which were obtained only from
secondary sources, indicate that generalized
convexity is an extension of standard convex
analysis and provides instruments for resolving a
wider range of optimization problems, particularly
those with unconventional constraints.

Keywords: Non-convex functions, Generalized
convexity, Mathematical optimization,
Optimization problems, Secondary data, Convex
analysis.

INTRODUCTION

Convexity is a key idea in mathematics,
especially when studying optimization
issues. Because of their well-defined
characteristics, convex functions often
make problem-solving easier. But a lot of
real-world issues include nonconvex
features, which calls for a more
comprehensive approach. A flexible
method for bridging the gap between
conventional convex analysis and the

complexity of nonconvex systems is
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generalized convexity. This research uses
only secondary data sources to examine
the characteristics and behavior of
nonconvex functions with generalized
convexity. It seeks to provide a thorough
grasp of the theoretical and practical
importance of these functions, increasing
their application across a range of
domains.

A Background of Convexity in
Optimization

One of the key ideas in optimization
theory is convexity. Because of its strong
mathematical characteristics that make
finding the best answers easier, it has been
extensively researched. If the line segment
that connects any two points in its domain
is located above or on the function's graph,
then the function is convex. Convex
functions are guaranteed to have well-
behaved optimization landscapes with just
a global minimum and no local minima
according to this geometrical feature.
Because algorithms can consistently locate
global optima, convex optimization
problems are thus simpler to solve (Boyd
& Vandenberghe, 2004).

Convexity is fundamental to several
disciplines, including machine learning,
economics, and operations research.
Certain traditional optimization problems
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are inherently convex, including linear and
quadratic programming. In order to
identify optimal solutions with assurances
of convergence to the global optimum,
convex optimization offers a strong
foundation  that  enables  effective
techniques such as gradient descent and
interior-point approaches. Notwithstanding
these benefits, convexity has drawbacks

when handling challenging, real-world
issues that behave nonconvexly.
B. Challenges of Nonconvex

Problems

Even though convex optimization is well
known, many real-world issues involve
nonconvex  functions,  where  the
optimization environment is more intricate
and difficult to understand. Finding a
global minimum is made more difficult by
the possibility that nonconvex functions
have many local minima. These kinds of

functions are common in machine
learning, engineering, economics, and
other domains where there are

discontinuities or nonlinear interactions
between variables (Bazaraa, Sherali, &
Shetty, 2006).

Optimization methods sometimes
converge to local minima rather than
global minima, producing less-than-ideal
results. In domains like neural network
training, where nonconvex loss functions
are prevalent, this poses a serious problem.
Nonconvexity in engineering design may
result from complicated system dynamics
or the nonlinear character of material
properties. Solving these nonconvex issues
calls for complex strategies that often

include multi-start  tactics, heuristic
approaches, and sophisticated optimization
techniques.

Furthermore, certain nonconvex issues are
more challenging to solve using typical

convex optimization techniques because
they do not cleanly fit into conventional
optimization frameworks. Techniques like
branch-and-bound approaches, genetic
algorithms, and simulated annealing are
often used in these situations, although
they have their own set of efficiency and
dependability issues.

C. Generalized Convexity

In order to accept a larger class of
functions that may not always satisfy the
strict constraints of convexity, generalized
convexity expands on the standard concept
of convexity. Because it gives
optimization approaches a more flexible
way to take use of the structure of these
functions, this addition is especially
crucial for solving nonconvex optimization
problems (Mordukhovich, 2013).
Quasiconvexity is a fundamental idea in
extended convexity, where a function does
not have to be convex but yet has certain
desirable characteristics. Within their level
sets, quasiconvex functions guarantee that
all local minima are global minima, but
they do not guarantee a global optimum.
Pseudo-convexity is another significant
class that extends convexity and enables
optimization in circumstances when
traditional convexity is ineffective. These
ideas, along with others in generalized
convexity, make it possible to formulate
and solve optimization problems that are
otherwise unsolvable wusing traditional
convex analysis.

In fields like engineering (in system design
and control challenges) and economics
(where utility functions and cost functions
often display nonconvexity), generalized
convexity has proved useful. It provides a
more inclusive framework for resolving
challenging, real-world optimization issues
by easing the stringent convexity criteria.
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D. Research Objective

The primary objective of this research is to
analyze the behavior and properties of
nonconvex functions with generalized
convexity.

I.LITERATURE REVIEW
G-invexity in the setting of multiobjective
programming problems with differentiable
functions is the main topic of Antczak's
(2009) work. The Kuhn-Tucker constraint
qualification and the definition of the
Bouligand tangent cone for a set are used
in the study to define modified Karush-
Kuhn-Tucker essential optimality criteria
for a certain class of multiobjective
programming problems. Additionally, the
study uses  vector-valued  G-invex
functions to loosen the assumptions on
(weak) Pareto optimum solutions. The
investigation of generalized convexity in
multiobjective optimization is furthered by
this work.

The ideas of Karush-Kuhn-Tucker
invexity and Karush-Kuhn-Tucker
pseudoinvexity ~ for  continuous-time
multiobjective programming problems are
introduced in a 2007 study by De Oliveira,
Valeriano, and Medar, Marko. In order to
establish Karush-Kuhn-Tucker
pseudoinvexity as a necessary and
sufficient condition for a vector Karush-
Kuhn-Tucker solution to be a weakly
efficient solution, it uses Karush-Kuhn-
Tucker invexity to investigate the
connection between multiobjective issues
and related scalar problems. This work
advances our knowledge of optimization
issues in continuous-time environments. In
continuous-time multiobjective
programming, where time is a continuous
variable and adds extra complexity
compared to discrete-time or static
optimization problems, De Oliveira and

Medar's method for handling Karush-
Kuhn-Tucker invexity and pseudoinvexity
is especially important. The paper's
concentration on continuous-time issues
tackles a crucial area of optimization that
is pertinent to many different fields, such
as control theory, engineering, and
economics, where decisions are often
made throughout time.

Using Lagrange multiplier conditions and
other kinds of generalized V-type |
requirements, Hanson, Morgan, et al.
(2001) expand generalized type-1 invexity
into vector invexity (V-type 1) and produce
sufficient findings. Additionally, in the
extended V-invexity type | setting, it
establishes weak, strong, and converse
duality theorems. This research advances
our knowledge of vector optimization
issues and related duality characteristics.
Vector optimization, which deals with
optimization issues involving numerous
objective  functions, has advanced
significantly with the development of
generalized type-l invexity into vector
invexity (V-type ).
Convexity is taken into consideration in
the work by Adilov and Yesilce (2012). A
small list of generalizations of this idea
that have been studied by various writers is
provided. The present research investigates
two types of abstract convexity: B-
convexity, which was defined and studied
by W. Briec and C. Horvath, and B—1-
convexity, which we introduce and
analyze.

According to a research by Cristescu,
Dragoi, and Hoard (2021), the reliability
polynomials of two dual minimum
networks reveal some characteristics of
generalized convexity for sets and
functions. The reciprocal complementarity
features of two dual minimum networks
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are used to construct a technique for
estimating their reliability polynomials.
The approximating objects, which are built
using both shape information and
interpolation criteria, belong to the class of
quadratic spline functions. It is shown that
the approximant objects maintain certain
extremum  features of the exact
dependability polynomials as well as high-
order convexity. It results in identifying
the region of the network with the greatest
number of routes. Simulations and
numerical examples demonstrate the
algorithm's performance in terms of shape
preservation, low complexity, and minimal
error. There is discussion about potential
ways to improve the approximation's
accuracy.

According to Li et al. (2023), the
Lipshitzness of the gradient is often
necessary for the classical analysis of
convex and non-convex optimization
techniques, which restricts the study to
functions with quadratic bounds. With the
Hessian norm restricted by an affine
function of the gradient norm, recent work
simplified this need to a non-uniform
smoothness condition. Assuming bounded
noise, it demonstrated convergence in the
non-convex case using gradient clipping.
In order to get better findings for both
convex and non-convex optimization
problems, we further expand this non-
uniform smoothness condition in this
study and provide a simple yet effective
analytical method that limits the gradients
throughout the trajectory. Specifically,
under this broad smoothness requirement,
we derive the traditional convergence rates
for  Nesterov's accelerated gradient
technique and (stochastic) gradient descent
in the convex and/or non-convex case. The
novel analytical method permits heavy-

tailed noise with constrained variance in
the stochastic environment and does not
need gradient clipping.
Relative convex sets and relative convex
functions, which were first described and
examined by Noor [20], are a highly
important and practical class of convex
sets and convex functions that we examine
in the Noor et al. (2015) study. Using
various methods, a number of novel
Hermite-Hadamard type inequalities for
relative convex functions are constructed.
It is shown that Noor relative convex
functions are included as special examples
of relative h-convex functions, which we
also introduce. Future studies in convex
analysis and related optimization domains
may be motivated by the findings
presented in this study.
The k-k-convex function is a novel class of
convex functions with regard to an
arbitrary function that we present and
examine in Noor's (2018) work. As special
instances, these nonconvex functions
include the convex function and ¢-convex
convex. We examine a few k-convex
function qualities. It is shown that a class
of variational inequalities known as the k-
directional variational inequalities may be
used to describe the minimum of k-convex
functions on the k-convex  sets.
Additionally, a few unresolved issues are
recommended for further study.
I.LRESEARCH METHODOLOGY
This study employs a secondary data
analysis approach, relying on a systematic
review of existing literature. Data sources
include peer-reviewed journals, conference
proceedings, textbooks, and online
repositories. The methodology involves:
1. Collecting relevant literature on
nonconvex functions and generalized
convexity.
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2. Categorizing findings based on
theoretical insights, properties, and
applications from secondary sources.
111.CONCLUSION

The study of nonconvex functions'
behavior and  characteristics  with
generalized convexity emphasizes how
important they are to the development of
mathematical optimization and related
fields. More complicated optimization
issues may be modeled and solved thanks
to generalized convexity, which offers a
strong framework to overcome the
drawbacks of conventional  convex
analysis. Through the synthesis of
secondary data, this study highlights the
theoretical developments and real-world
uses of generalized convexity while also
pointing out areas that need further
research. As indicated by previous studies,
future research should concentrate on
expanding the application of generalized
convexity to dynamic and stochastic
systems, encouraging  creativity in
optimization methods and their practical
applications.
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